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Exac t  T e s t  for Oppos i t e  T r e n d s  of Probab i l i t y  C h a n g e s  in One or Severa l  3 •  T a b l e s  

In  d i sc r imina t ion  tasks  in . two-al ternat ive choice experi-  
ments ,  the  responses  of a condi t ioned  subjec t  m a y  some- 
t imes  be appropr i a t e ly  classified in more  t h a n  two 
mutua l ly  exclusive categories.  For  example ,  i t  m a y  be 
hard  to  cons t ra in  an animal  in a choice expe r imen t  to  a 
forced choice as is the  usual  prac t ice  in h u m a n  subjects .  
F r o m  an e tho log is t ' s  and  a m a t h e m a t i c a l  psychologis t ' s  
po in t  of view, it m a y  be preferable  to s t a r t  w i th  a divis ion 
of the  occurr ing over t  behavioura l  responses  in a cer ta in  
n u m b e r  of recognizable  behavioura l  e lements .  Each  of 
the  responses  t hus  classified can t h e n  be pai red wi th  the  
s t imulus  t y p e  by  which  i t  was evoked.  

As a special  case we consider  here  tile behav iour  of a 
mar ine  fish, the cod, in a food reward  condi t ion ing  
e x p e r i m e n t  in a fjord, in which  the  subjec t  has  to dis- 
c r imina te  whe the r  sound was inc ident  f rom left  or r igh t  
of the  ne t t i ng  cage in which  i t  was kep t i .  The  s t imulus  
could be e m i t t e d  a t  r a n d o m  via one or the  o ther  of a pai r  
of sound sources equ id i s t an t  f rom the  fish. In  the  list  
w i th  tile deta i led  descr ip t ions  of response  types  1, a 
divis ion in direc t iona l  responses  f inal ly ending  near  the  
correct  or the  wrong food d ispenser  2 a t  t h a t  par t i cu la r  
trial ,  and  non -d i r ec t i ona l  responses,  served to  label 
3 categories of responses  ( indicated by  + ,  --  and  •  
In  contro l  expe r imen t s  the  sound pro jec tors  were b rough t  
close toge the r  near  the  s y m m e t r y  p lane  of the  a r r a n g e m e n t  
so t h a t  the  sound ' image '  was close to  one or e i ther  side 
of t h a t  ( imaginary)  p lane  dur ing  a trial .  As the  observa-  
t ions  show (Table), the re  are ind ica t ions  t h a t  the  prob-  
abi l i ty  of non-d i rec t iona l  responses  increases in control  
expe r imen t s  (7.3 ~ incl inat ion),  and  t h a t  tile p robab i l i t y  
of correct  responses  decreases  in such trials.  H o w  to 
de t ec t  such an effect  in the  t r a in ing  resul ts  of one or 
several  individuals  is the  objec t  of th is  paper .  Pure  tones  
of 75 Hz  were used. The d is tance  to  the  sources was abou t  
4 m .  

Observed frequencies of the responses 

Subject G 3 G 5 G 7 

Inclination 61 7.3 61 7.3 61 7.3 

Response type + 14 1 20 0 17 1 
-- 2 0 4 0 2 1 
• 6 3 1 4 0 1 

Similar  tables  can be formed in acoust ic  la tera l iza t ion 
expe r imen t s  in h u m a n  subjects ,  when  3 possible judge-  
m e n t s  are al lowed:  left, r igh t  and  middle,  which  are t hen  

compared  wi th  t he  t rue  s t imulus  s i tuat ion.  The de tec t ion  
theore t ica l  model  for th is  d i sc r imina t ion  p rob lem was 
given by  L u c ~  and GALANTER 3. S t r ic t ly  speaking  the  
legi t imacy of jo ining the  various responses  to s t imul i  f rom 
sources left  or r igh t  in co mmo n  categories should be 
tes ted  in advance.  

The da t a  are deno ted  in the  following way  (see CONO- 
V]~R4). 
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Le t  p,j  be the  p robab i l i t y  t h a t  the  response  falls in 
ca tegory  i (i = 1, 2, 3) under  condi t ion  j (] = 1, 2), then  
the  nu l lhypo thes i s  to  be t e s t ed  is 

Ho : Ph = Pi2 (i = 1, 2, 3) against the alternative hypothesis 
Hi : Pll > P12 and Pal < Pa2 (1) 
Further:Pl] + P2J+Ps ]=  1, ] = 1,2 (2) 

W h e n  p denotes  the  vec tor  p = (Pii, P21 . . . . . .  P32) t hen  
(2) cons t i tu te  a 4-dimensional  subspace  ~ .  
Hence  H 0 and  H i m a y  be r ewr i t t en  respec t ive ly  as: 

H 0 : p e ( g c l e f { p ] P i l  = Pi2, i =  1 , 2 , 3  } 

H i : p s • - - ( g d e f { p ] p z x > P 1 2 ,  Pal<P32} (la) 

Let  p be the  m a x i m u m  likel ihood es t ima te  of p under  

the  a s sumpt ion  of H 0 and p* be-a s imilar  e s t ima te  under  
H 1, t hen  the  t e s t - s t a t i s t i c  T of the  l ikelihood rat io  tes t  is 
def ined by  

Pl Oil + Oi~ P2 021 + 022 ~s 0~i + 03~ 

p~ o1~; o~1; oo~* o ~ ;  o~ * ' (3) 
21 F81 F12 22 P~2032 

where p = (ni/N , ~r %/N). (4) 

i A. SCHI:UG submitted to J. comp. Physiol. 
2 The location of the food dispensers call be seen in a figure in the 

paper of M. A. VAN ARKEL, W. M'AASSE and A. SCHUIJF, Experien- 
tia 29, 642 (1973). 

a R. D. LUCE and E. GALANTER, in Handbook o/ Mathematical 
Psychology (R. D. LocG R. R. BUSH and E. GALANTER; Wiley, 
New York 1963), vol. 1, p. 191-243. 

4 W. J. CONOVER, Practical Nonparametric Statistics (Wiley, 
New York 1971). 
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T h e  fo l lowing  p r o b l e m s  r e m a i n  to  be  s o l v e d :  1. Com-  

p u t a t i o n  of  p* .  2. D e t e r m i n a t i o n  of  t h e  e x a c t  d i s t r i b u t i o d  
of  T u n d e r  H 0 for f i x e d  m a r g i n a l  t o t a l s  nt,  n~, ha, C~ a n n  
C~ s i m i l a r  to  p r o c e d u r e s  d e s c r i b e d  b y  CONOV~R ~. 3. 
D e t e r m i n a t i o n  of  t h e  P - v a l u e :  P = P r o b { r e j e c t  a t r u e  
H0}. 4. C o m b i n a t i o n  of  t h e  t e s t  r e su l t s  o b t a i n e d  in  
e x p e r i m e n t s  w i t h  d i f f e r e n t  i n d i v i d u a l s .  

ad  1. T h e  r a n d o m  v a r i a b l e  T a s s u m e s  a d i s c r e t e  v a l u e  
for  e a c h  pos s ib l e  3 • 2 t a b l e  w i t h  g i v e n  m a r g i n a l  t o t a l s .  
T h e  cell  f r e q u e n c i e s  in s u c h  a t a b l e  are  d e n o t e d  b y  n,~ 
(i = 1, 2, 3; ] = 1, 2) t o  d i s t i n g u i s h  t h e m  f r o m  t h e  ob-  
s e r v e d  v a l u e s  O~j. T h e  g e n e r a t i o n  of  t h e  s e t  of  a l l  t h e s e  
t a b l e s  w i t h  a d ig i t a l  c o m p u t e r  is s imp le .  F o r  e a c h  t a b l e  

t h e  o p t i m u m  va lue  of  p*  i s  d e t e r m i n e d  t h a t  m a x i m i z e s  
t h e  d e n o m i n a t o r  of  t h e  s t a t i s t i c  T w i t h  t h e  c u r r e n t  
va lue s  of  ~n,~. I n  f ac t  t h e  o p t i m i z a t i o n  u n d e r  H1 is a 
c o n s t r a i n e d  o p t i m i z a t i o n :  t h e  s o l u t i o n  is s u b j e c t  to  t h e  

c o n d i t i o n s  f o u n d  in  ( la) .  a) t h e  s o l u t i o n  v e c t o r  p*  of t h e  
u n c o n s t r a i n e d  p r o b l e m  : 

p* = (nil /el ,  hal/C1, hal/el,  n~i/Cl, nae/C~, na~/C~) (5) 

sa t i s f i e s  p r o v i d e d  t h a t  in  (5) P l l*  >- P21", and  Pat* -< Paa*, 
w h i c h  m e a n s  n u / C  1 >_ nl~/C 2 and  nal /C 1 <_ n3a/C~. 
b) if n u / C  ~ < n~a/C ~ t h e n  p u t  P u *  = P ~ *  = n~/N.  F o r  t h e  
r e m a i n i n g  s u b s p a c e  of  ~ we  f i n d  a s o l u t i o n  p*  t h a t  
d i f fe r s  ~ f r o m  t h a t  in case  d) (see be low) ,  p r o v i d e d  t h a t  
Pa~* <- Pa~* is ful f i l led.  T h e n  t h e  m a x i m u m  l ike l ihood  
e s t i m a t e  is:  P21* - -  ~4al ( N - n l ) / N ( n ~ + n a l ) ,  Pa~* ~ na~ 

naa (N-nx) /N(nee  4- use). I t  is c o n c l u d e d  t h a t  t h e  c o n d i t i o n  
for  case  b) is:  n n / C  ~ < nla/C ~ and  na~/(ne~ +na~ ) <<_ 
na~/(n~ + na~ ). c) i f  na~/C a > na~/C ~ and  n t l /  
(n n +na~) >_ nl~/(n~2 + n ~ )  t h e n  p u t  p~t* = Pa~* 
na/N.  S i m i l a r l y  as  u n d e r  b) : P l l*  = n i l  (N-na) /N(nt~  4- n~) ,  
p~*  - ~ (N-ua) /N(u~ + ~ ) ,  p~*  --  ~ ( N - . a ) / N ( . ~  + 
r P22" = naa (N-na)/Y(n~2 @r d) I f  n o n e  of  t h e  
p r e v i o u s l y  m e n t i o n e d  c o n d i t i o n s  is s a t i s f i ed  ( those  in b) 

a n d  c) e x c l u d e  e a c h  o the r )  t h e n  p u t  p~t* = P*2* - -  1~ 
( i =  1, 2, 3); see (4). 

A n  e x a m p l e  w i t h  a c o n d i t i o n a l  T a b l e  o b t a i n e d  f r o m  t h e  
d a t a  on  s u b j e c t  G7 (Table) ,  l e a d i n g  to  t h e  s o l u t i o n  lc ,  
wil l  i l l u s t r a t e  t h e  ca lcu lus .  

18 
0 
i 

19 

0 18 
3 3 
0 1 

3 22 

/~1 = 18/22 P a *  = P a 2 *  = i/~a 
P2 = 3/22 P21* = 0 

p ,  = 1/22 Ply* = 0 

18 • 21 21 3• 21 
Pu* - 22 • 1 8 -  22 P~2* - 2 2 •  22 

note: put 0 ~ = 1. 

ad  2. A s s u m e  t h a t  t h e  g e n e r a t e d  s e q u e n c e  of cond i -  
t i o n a l  t a b l e s  [nij] c o n t a i n s  m tab les .  Ass ign  a k e y  n u m b e r  
h = 1, 2, . . . . ,  m to  e a c h  t a b l e  in o r d e r  to  so r t  7 t h e  
s e q u e n c e  of  a s s o c i a t e d  v a l u e s  of  t h e  s t a t i s t i c  T as  to  
i n c r e a s i n g  va lues .  T h e  i d e n t i t y  of  all  t he  pos s ib l e  e v e n t s  
( tables)  c o n n e c t e d  to  t h e  T o u t c o m e s  in t h e  s o r t e d  
s e q u e n c e  is p r e s e r v e d  in  a s e p a r a t e  a r r a y  of  t h e  k e y  
n u m b e r s ,  in w h i c h  t h e  e l e m e n t s  ge t  t h e  s a m e  p e r m u t a -  
t i o n s  as  in t h e  s o r t e d  a r r a y  of  T va lues .  T h e  c o r r e s p o n -  
d e n c e  of e a c h  t a b l e  w i t h  i t s  s o r t e d  T - v a l u e  is t h u s  so lved .  

T h e  c o n d i t i o n a l  p r o b a b i l i t y  t h a t  s o m e  t a b l e  [n~j] occu r s  
u n d e r  H 0 equa l s  5 : 

{N~ 1 
prob. = ( : : 1 ) ( : : 1 ) ( : : 1 ) \ C i ]  (6) 

A n  Algol  60 a l g o r i t h m  for  c o m p u t i n g  t h e  r e q u i r e d  b ino -  
m i a l  coe f f i c i en t s  is f o u n d  in  r e f e r e n c e  a 

F o r  t h e  t a b l e  c h o s e n  in  t h e  p r e v i o u s  e x a m p l e  t h e  
r a n k  r = 1, a n d  t h e  p r o b a b i l i t y  z~ t h a t  t h i s  e v e n t  occurs  
is : 

18 { 2 2 ~  -1  
~ 1 =  (18) (30) ( : )  \19/ = 6 . 4 9 x 1 0 - ' .  

a d  3. T h e  P - v a l u e  of  t h e  o b s e r v e d  t a b l e  [Oij] is ca lcul -  
a t e d  b y  a d d i n g  t h e  p r o b a b i l i t i e s  of  al l  t h e  t a b l e s  t h a t  
s a t i s f y  T < Tobserved" F r o m  t h e  d a t a  of  t h e  T a b l e  t h e  
fo l lowing  va l ue s  of  P were  c o m p u t e d  9: p~ = 0.122 (G3), 
Pu = 2.53 • 10 -4 (G5) a n d  Pa  = 3.77 X 10 -2 (G7). F r o m  
n o w  on  t h e  i n d e x  i wi l l  be  u s e d  to  i n d i c a t e  t h e  i n d e p e n d e n t  
e x p e r i m e n t s .  

ad  4. T h e  k o n e - s i d e d  t e s t s  a re  c o m b i n e d  w i t h  F i s h e r ' s  
o m n i b u s  p r o c e d u r e .  T h e  e x a m i n e d  case  of  t h e  t h r e e  3 x 2 
t a b l e s  is f u r t h e r  e x e m p l i f i e d  (k = 3). T h e  h y p o t h e s i s  H a 
is r e j e c t e d  for  sma l l  v a l u e s  of  t h e  p r o d u c t  t e s t  s t a t i s t i c  O. 

k 
Q = H = P 1 P a P a  

i=1 

in  w h i c h  t h e  p - v a l u e  of  t h e  t e s t  r e su l t s  in t h e  d i f f e r e n t  
e x p e r i m e n t s  a re  c o n s i d e r e d  as  i n d e p e n d e n t  r a n d o m  
v a r i a b l e s  (in b o l d  t y p e )  d e n o t e d  b y  Pl .  T h e  d i s t r i b u t i o n  of  
P ,  h a s  mi  d i s c r e t e  p r o b a b i l i t i e s  ~ir (i - -  1, 2 . . . . .  k;  
r - -  1, 2 . . . . .  mi),  t h a t  were  c a l c u l a t e d  be fo r e  b y  m e a n s  of 
(6). WALLIS 10 has  s t u d i e d  t h e  c o m p u t a t i o n  of  e x a c t  ta i l  
p r o b a b i l i t i e s  (P -va lues )  o f  t h e  Q s t a t i s t i c  for  d i s c r e t e  P ,  
(i = 1 . . . .  , k). T h e  s a m p l e  s p a c e  4 cons i s t s  of  rnlrnarn a = 
12 • 15 • 7 p o i n t s :  all  t h e  o u t c o m e s  of  

a b c 
( a = l  . . . . .  m l ;  

r = l  r = l  r = l  
; c = 1, . . . . ,  m3).  

T h e  a s s o c i a t e d  p r o b a b i l i t i e s  a re  ~zlaaaba3c. T h e  o u t c o m e s  
of  Q are  r a n k e d  w i t h  t h e  s a m e  p r o c e d u r e 7  as  before .  

T h e  r e su l t  of  t h e  c o m b i n a t i o n  p r o b l e m  is P = P r o b  
{Q < P t P a P a }  = P r o b ( Q  < 1 . 1 6 5 •  .6 ) = 1 . 5 6 •  

I f  a c o n t i n u o u s  d i s t r i b u t i o n  h a d  b e e n  a s s u m e d  for  t h e  
P , ,  t h e  r e su l t s  w o u l d  h a v e  b e e n  l l  (~  = p 1 p a p a  ) 

k=l  
= Q + Q Z "  ( - I n  Q) i/i! = 1.26 • P 10-~. 

i -1  

5 W. J. CO,OVER, Practical Nonparametric Statistics (Wiley, New 
York 1971), chapter 4. 

6 The author is greatly indebted to Dr. J. OOSTERHOFF, 5{athematical 
Institute, University of Nijmegen, The Netherlands, for introducing 
the subclasses lb  and lc in the computation of vector p* and for 
the explicit expressions in these cases which eliminated the need 
for a numerica] optimization. Further more valuable remarks re- 
garding the combination problem were obtained. 

7 T. N. }-IIBBARD, Communs, Ass. Comput. }r 6, 206 (1963), 
program C. 

s Communs, Ass. Comput. Mach., Collected algorithms Nr. 19-P1-0. 
9 Print outs of the Algol 60 program for the test examined here are 

availab]e on request addressed to Ir. A. SCHUUF. 
10 W. A. WALLIS, Econometrica 70, 229 (1942), 
11 S.  PEARSON, Biometrika 25, 379 (1933). 
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I n  t h e  p a p e r  o n  d i r e c t i o n a l  h e a r i n g  in  cod  ~, i t  w a s  
t h e r e f o r e  c o n c l u d e d  t h a t  t h e  d i r e c t i o n  o f  t h e  s o u n d  
s o u r c e s  is d e c i s i v e  for  t h e  d i s c r i m i n a t i o n  a n d  n o t  t h e  
t i m b r e  o r  i n t e n s i t y  d i f f e r e n c e s  b e t w e e n  t h e  s o u n d  sou rce s .  

Zusammen/assung. D e r  <~Like l ihood~>-Quot ien ten tes t  
w i r d  a u f  e i n e r  3 •  m i t  u n b e k a n n t e n  
W a h r s c h e i n l i c h k e i t e n  pcj- (i ~ 1, 2, 3 ; ] = 1, 2) a n g e w a n d t ,  
u m  d ie  H y p o t h e s e  H0:P~l  = Pi2 (i = 1 ,2 ,3 )  g e g e n  d ie  
a l t e r n a t i v e  H y p o t h e s e  H 1 : P l l  > P12, P3~ < P~2 zu  p r i i f en ,  u n d  
z w a r  w e n n  k l e i n e  S t i c h p r o b e n  v o r h a n d e n  s i nd .  A u s s e r d e m  
wi rd  d ie  K o m b i n a t i o n  s o l c h e r  T e s t s  b e h a n d e l t .  A l s  
B e i s p i e l  w i r d  d i e se  T e s t t h e o r i e  b e i m  W a h ] v e r h a l t e n  de s  

K a b e l j a u s  i m  D r e s s u r v e r s u c h  f iber  a k u s t i s c h e  L o k a l i s a -  
t i o n  in  zwei  S t i m u l u s s i t u a t i o n e n  v e r w e n d e t .  

A. SCHUIJF 6,12 

Laboratory o/Comparative Physiology, 
Jan van Galenstraat 40, Utrecht (The Netherlands), 
77 December 7973. 

12 The close cooperation with Drs. E. !VfEELIS, Inst i tute of Theoretical 
Biology Leyden, The Netherlands, in appIying the likelihood ratio 
test to this case is gratefully acknowledged. 

The 2,2'-Dicyano-l , l ' -Dimethyl-4,4'-Bipyridyl ium Di-cation: A Viologen Indicator 
w i t h  a High  R e d o x  Potent ia l  

D i q u a t e r n a r y  s a l t s  of  4, 4 ' - b i p y r i d y l ,  e s p e c i a l l y  m e t h y l  
v i o l o g e n  (I ;  R = CHa) a n d  b e n z y l  v i o l o g e n  (I ;  R = 
C H ~ . P h )  1 h a v e  b e e n  u s e d  c o n s i d e r a b l y  as  r e d o x  i n d i c a t o r s  
a n d  e l e c t r o n  c a r r i e r s  in  b i o l o g i c a l  s y s t e m s  2 a n d  in  c h e m i c a l  
r e a c t i o n s  3. T h e s e  s a l t s  a r e  r e d u c e d  in  a q u e o u s  s o l u t i o n  b y  
a o n e  e l e c t r o n  t r a n s f e r  w h i c h  is r e v e r s i b l e  to  g i ve  h i g h l y  
e o l o u r e d  s t a b l e  r a d i c a l  c a t i o n s  (e.g. I I ) .  T h e  s a l t s  or igi -  
n a l l y  s t u d i e d  1 h a d  r e d o x  p o t e n t i a l s  (Eo) b e t w e e n  - - 0 . 3 6  
a n d  - - 0 . 4 5  v o l t s .  W i t h  t h e  d i s c o v e r y  of  t h e  p h y t o t o x i c  
p r o p e r t i e s  o f  (I ;  R = CH3) 4 a n d  i t s  d e v e l o p m e n t  as  t h e  
h e r b i c i d e  p a r a q u a t  i n t e r e s t  in  s a l t s  o f  t h i s  t y p e  h a s  
i n c r e a s e d .  S e v e r a l  d i q u a t e r n a r y  s a l t s  of  2 , 2 ' - b i p y r i d y l ,  
for  e x a m p l e ,  t h e  h e r b i c i d e  d i q u a t  ( I I I )  4 b e h a v e  s i m i l a r l y  
as  r e d o x  s y s t e m s  a n d  t h e y  t o o  h a v e  f o u n d  a p p l i c a t i o n s  as  
e l e c t r o n  c a r r i e r s  a n d  i n d i c a t o r s  in  b io log ica lS-~  a n d  c h e m i -  

cal  1~ s y s t e m s .  R e v e r s i b l e  r e d o x  i n d i c a t o r s  b a s e d  o n  di-  
q u a t e r n a r y  s a l t s  of  2, 2'-  a n d  4 , 4 ' - b i p y r i d y l s  h a v e  t h u s  
b e e n  e x t e n d e d  o v e r  a r a n g e  f r o m  a b o u t  - - 0 . 1 5  to  - - 0 . 7 0  
v o l t s 4 , 7 - 9 , n - ~ L  W e  n o w  r e p o r t  t h e  p r e p a r a t i o n  of  a 
v i o l o g e n  i n d i c a t o r  w i t h  a m u c h  h i g h e r  r e d o x  p o t e n t i a l .  

4 , 4 ' - B i p y r i d y l - l , l ' - d i o x i d e  is (1.0 g) a n d  d ~ m e t h y l  
s u l p h a t e  (5 ml )  we re  h e a t e d  a t  1 5 0 ~  for  30 ra in .  T h e  
coo led  s o l u t i o n  w a s  a d d e d  to  e t h y l  a c e t a t e  (100 ml )  a n d  
t h e  r e s u l t a n t  w h i t e  p r e c i p i t a t e  of  1, l ' - d i m e t h o x y -  
4 , 4 ' - b i p y r i d y l i u m  d i m e t h o s u l p h a t e  w a s  co l l e c t ed  (cf. 
ref . ls) .  W i t h o u t  p u r i f i c a t i o n  t h e  s a l t  w a s  d i s s o l v e d  in  
w a t e r  (20 ml)  a n d  t h e  p H  a d j u s t e d  to  10.0 w i t h  s o d i u m  
c a r b o n a t e  s o l u t i o n .  P o t a s s i u m  c y a n i d e  (2 g) in  w a t e r  
(15 ml )  w a s  a d d e d  a n d  a w h i t e  p r e c i p i t a t e  of  2 , 2 ' - d i c y a n o -  
4 , 4 ' - b i p y r i d y l  (IV) f o r m e d  i m m e d i a t e l y  (cf. ref.19). 
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