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Exact Test for Opposite Trends of Probability Changes in One or Several 3 x2 Tables

In discrimination tasks in two-alternative choice experi-
ments, the responses of a conditioned subject may some-
times be appropriately classified in more than two
mutually exclusive categories. For example, it may be
hard to constrain an animal in a choice experiment to a
forced choice as is the usual practice in human subjects.
From an ethologist’s and a mathematical psychologist’s
point of view, it may be preferable to start with a division
of the occurring overt behavioural responses in a certain
number of recognizable behavioural elements. Each of
the responses thus classified can then be paired with the
stimulus type by which it was evoked.

As a special case we consider here the behaviour of a
marine fish, the cod, in a food reward conditioning
experiment in a fjord, in which the subject has to dis-
criminate whether sound was incident from left or right
of the netting cage in which it was keptl. The stimulus
could be emitted at random via one or the other of a pair
of sound sources equidistant from the fish. In the list
with the detailed descriptions of response typesl, a
division in divectional responses finally ending near the
correct or the wrong food dispenser? at that particular
trial, and wnon-divectional responses, served to label
3 categories of responses (indicated by +, — and X).
In control experiments the sound projectors were brought
close together near the symmetry plane of the arrangement
so that the sound ‘image’ was close to one or either side
of that (imaginary) plane during a trial. As the observa-
tions show (Table), there are indications that the prob-
ability of non-directional responses increases in control
experiments (7.3° inclination), and that the probability
of correct responses decreases in such frials. How to
detect such an effect in the training results of one or
several individuals is the object of this paper. Pure tones
of 75 Hz were used. The distance to the sources was about
4 m.

Observed frequencies of the responses

Subject G3 G5 G7

Inclination 61 7.3 61 7.3 61 7.3

Response type + 14 1 20 0 17 1
— 2 0 4 0 2 1
X 6 3 1 4 0 1

Similar tables can be formed in acoustic lateralization
experiments in human subjects, when 3 possible judge-
ments are allowed: left, right and middle, which are then

compared with the true stimulus situation. The detection
theoretical model for this discrimination problem was
given by LuckE and GALANTER3. Strictly speaking the
legitimacy of joining the various responses to stimuli from
sources left or right in common categories should be
tested in advance.

The data are denoted in the following way (see CoNo-
VERY).
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Let pi; be the probability that the response falls in
category i (i = 1, 2, 3) under condition § ( = 1, 2), then
the nullhypothesis to be tested is

Hy : fi; = iz (¢ = 1, 2, 3) against the alternative hypothesis

Hy i Py > prpand pg; < Py 1
Further: py; + poj + P35 =1, §1=1,2 (2)
When;_b) denotes the vector —15 = (P11, Pors ----- P30) then

(2) constitute a 4-dimensional subspace P.
Hence Hy and H; may be rewritten respectively as:

Hy:pewaer{p|bin=pint=123}
Hy 102 — @ gor { | s > Pras P31 < P2 } (1a)

Let {; be the maximum likelihood estimate of ; under
the assumption of H, and »* be a similar estimate under
H,, then the test-statistic T of the likelihood ratio test is
defined by

~ 0y F 05 0 0y + O ~ 04y + O

;o b, O 12 5, Vo 22y Oat 32 5
¥ Opp F Opp ¥ Ot * Opp * Ogg " Oyy
P Pa T Pa U P2 Pm T Paa

where p = (1[N, #,/N, n,/N). )

1 A. ScHUIJF, submitted to J. comp. Physiol.

2 The location of the food dispensers can be seen in a figure in the
paper of M. A. VAN ARKEL, W. Maassk and A. ScuuijF, Experien-
tia 29, 642 (1973).

3 R. D. Luce and E. GALANTER, in Handbook of Mathematical
Psychology (R. D. Luce, R. R. Busu and E. GALANTER; Wiley,
New York 1963), vol. 1, p. 191-243.

¢'W. J. CoNovER, Practical Nowparametric Statistics
New York 1971).
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The following problems remain to be solved: 1. Com-

putation of ;* 2. Determination of the exact distributiod
of T under H, for fixed marginal totals #,, #,, #;, C, ann
C, similar to procedures described by ConNoVER®. 3.
Determination of the P-value: P = Prob{reject a true
H,}. 4. Combination of the test results obtained in
experiments with different individuals.

ad 1. The random variable T assumes a discrete value
for each possible 3 x 2 table with given marginal totals.
The cell frequencies in such a table are denoted by i
(¢t =1, 2, 3;1 =1, 2) to distinguish them from the ob-
served values Ogy. The generation of the set of all these
tables with a digital computer is simple. For each table

the optimum value of ;E* is determined that maximizes
the denominator of the statistic 7 with the current
values of g In fact the optimization under Hy is a
constrained optimization: the sclution is subject to the

conditions found in (la). a) the solution vector 1_;* of the

unconstrained problem:

?;k = (131/Cq, 191/ Cy, 191/Cy, 191[Ca, #9/Co, 1152/Cs) (5)

satisfies provided that in (5) p;* = pa*, and Py * < Pas*,
which means #/C; = #.,/C, and ny/C; < #5/C,.
b) if #,,/Cy << %4,/C, then put p* = p* = %,/N. For the
remaining subspace of J) we find a solution p* that
differs® from that in case d) (see below), provided that
pa® < Py is fulfilled. Then the maximum likelihood
estimate is: py* = gy (Nony)/N(ny; +2gy), par® = 2
(N-my) [N (1191 +9151), Pas™ = 755 (N-211) [N (1255 + 135}, P3,* =
Ngy (N-21) /N (745 + 755). It is concluded that the condition
for case b) is: 54/C; < %,/Cy and ng/(May +751) <
Ngaf(Map +7ag).  C) AT m5{C; > mge/Cy and  myyf
(yy + M) = W/ (Myy + 7yy) then put py* = pg* =
7y/N. Similarly as under b): p;,* = %y, (N-u,) /N (1, + #91),
Par® = may (Nomg)[N(ngy +0yq), P1p* = 195 (N-n5)/N(245 +
Ngz), Paa® = g (N-mg)/N(syy +m5). d) If none of the
previously mentioned conditions is satisfied (those in b)
and c) exclude each other) then put pu* = pu* = Hi
(1= 1, 2, 3); see (4).

An example with a conditional Table obtained from the
data on subject G7 (Table), leading to the solution 1ic,
will illustrate the calculus.

18 0 | 18 p=18/22 bar* = 7’32 =t
0 3 3 py= 322 Pa™ =
0 1 py= 1)22 " =0
19 3| 2
. 18 x21 21 . 3x21 21

Put = 18T 22 P’ = w3 T 22

519 53 5 18118 7 3\3
roPrtebs (_) (_) = 1.82x 10~

P by P\

note: put 0° =

ad 2. Assume that the generated sequence of condi-
tional tables [#4] contains m tables. Assign a key number
h =1, 2, ..., m to each table in order to sort? the
sequence of associated values of the statistic T as to
increasing values. The identity of all the possible events
(tables) connected to the T outcomes in the sorted
sequence is preserved in a separate array of the key
numbers, in which the elements get the same permuta-
tions as in the sorted array of T walues. The correspon-
dence of each table with its sorted T-value is thus solved.
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The conditional probability that some table [#4] occurs
under H; equals®:

=GR RIE)

An Algol 60 algorithm for computing the required bino-
mial coefficients is found in reference?.

" For the table chosen in the previous example the
rank » = 1, and the probability =, that this event occurs
is:

m is) (6) (1) () =m0

ad 3. The P-value of the observed table [Oy;] is calcul-
ated by adding the probabilities of all the tables that
satisfy T < Tgpserved. From the data of the Table the
following values of P were computed?®: P, = 0.122 (G3),
Py, = 2.53x107* (G5) and P; = 3.77 X102 (G7). From
now on the index i will be used to indicate the independent
experiments.

ad 4. The % one-sided tests are combined with Fisher’s
omnibus procedure. The examined case of the three 3 x 2
tables is further exemplified (¢ = 3). The hypothesis H,
is rejected for small values of the product test statistic Q.

]] =P,P,P,

=1

in which the p-value of the test results in the different
experiments are considered as independent random
variables (in bold type) denoted by P;. The distribution of
P; has m; discrete probabilities =, (1 = 1, 2, ..., k;
=12, my), that were calculated before by means of
(6). WALLIsl" has studied the computation of exact tail
probabilities (P-values) of the Q statistic for discrete P;
(¢ = 1, ..., k). The sample space? consists of m mem, =
12 x 15 X7 points: all the outcomes of

Sy s S

r=1

The associated probabilities are @ 47map7,,. The outcomes
of Q are ranked with the same procedure” as before.
The result of the combination problem is P = Prob
{Q < P,P,P,;} = Prob(Q < 1.165x10-¢) = 1.56 x 10-5.
If a continuous distribution had been assumed for the
P;, the results would have been!t (@ = P, P,P;)

k=1
=0+0 X (~1nQ) ;! = 126x 1074,

i—1

5 W. J. ConoVER, Practical Nonparametric Statistics (Wiley, New
York 1971), chapter 4.

¢ The author s greatly indebted to Dr. J. OostErRHOFF, Mathematical
Institute, University of Nijmegen, The Netherlands, for introducing

the subclasses 1b and 1c in the computation of vector 1;“ and for
the explicit expressions in these cases which eliminated the need
for a numerical optimization. Further more valuable remarks re-
garding the combination problem were obtained.

?T. N. Hissarp, Communs, Ass. Comput. Mach. 6, 206 (1963),
program C.

8 Communs, Ass. Comput. Mach., Collected algorithms Nr. 19-P1-0.

® Print outs of the Algol 60 program for the test examined here are
available on request addressed to Ir. A. ScHUIJF.

10 W. A. WarLrs, Econometrica 70, 229 (1942).

11 K. Pearson, Biometrika 25, 379 (1933).
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In the paper on directional hearing in cod?, it was
therefore concluded that the direction of the sound
sources is decisive for the discrimination and not the
timbre or intensity differences between the sound sources.

Zusammenfassung. Der «Likelihood»-Quotiententest
wird auf einer 3 x 2-Kontigenztafel mit unbekannten
Wahrscheinlichkeiten gy (2 = 1,2,3; 7 = 1, 2) angewandt,
um die Hypothese Hy:pa = P4 (2 = 1,2,3) gegen die
alternative Hypothese Hy : Py, > Py, P31 < P3p zu priifen, und
zwar wenn kleine Stichproben vorhanden sind. Ausserdem
wird die Kombination solcher Tests behandelt. Als
Beispiel wird diese Testtheorie beim Wahlverhalten des
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Kabeljaus im Dressurversuch iiber akustische Lokalisa-
tion in zwei Stimulussituationen verwendet.

A. ScuuiJrt, 12

Laboratory of Comparative Physiology,
Jan van Galenstraat 40, Utvecht (The Nethevlands),
17 December 1973.

12 The close cooperation with Drs. E. MEEL1s, Institute of Theoretical
Biology Leyden, The Netherlands, in applying the likelihood ratio
test to this case is gratefully acknowledged.

The 2,2'-Dicyano-1,1'-Dimethyl-4,4'-Bipyridylium Di-cation: A Viologen Indicator

with a High Redox Potential

Diquaternary salts of 4,4’-bipyridyl, especially methyl
viologen (I; R = CH,) and benzyl viologen (I; R =
CH.,,.Ph)! have been used considerably as redox indicators
and electron carriers in biological systems ? and in chemical
reactions®. These salts are reduced in aqueous solution by
a one electron transfer which is reversible to give highly
coloured stable radical cations (e.g. II). The salts origi-
nally studied ! had redox potentials (E,) between —0.36
and —0.45 volts. With the discovery of the phytotoxic
properties of (I; R = CH,)* and its development as the
herbicide paraquat interest in salts of this type has
increased. Several diquaternary salts of 2,2’-bipyridyl,
for example, the herbicide diquat (III)4, behave similarly
as redox systems and they too have found applications as
electron carriers and indicators in biological3-? and chemi-
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call® systems. Reversible redox indicators based on di-
quaternary salts of 2,2’- and 4,4’-bipyridyls have thus
been extended over a range from about —0.15 to —0.70
volts4.7-9,11-17 . We now report the preparation of a
viologen indicator with a much higher redox potential.

4,4’-Bipyridyl-1, 1’-dioxide® (1.0 g) and dimethyl
sulphate (5 ml) were heated at 150°C for 30 min. The
cooled solution was added to ethyl acetate (100 ml) and
the resultant white precipitate of 1,1’-dimethoxy-
4,4’-bipyridylium dimethosulphate was collected (cf.
ref.18). Without purification the salt was dissolved in
water (20 ml) and the pH adjusted to 10.0 with sodium
carbonate solution. Potassium cyanide (2 g) in water
(15 ml) was added and a white precipitate of 2,2’-dicyano-
4,4’-bipyridyl (IV) formed immediately (cf. ref.?9).
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